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4 Lecture 6 [02.05.25]
5 | < Special case: Coupling to uniform electric field E (1) = Ee™'®!

i = Choose gauge such that E (1) = —0;A(t) (i.e. A, = ¢ = const)
Remember that in general E = —V¢ — 9,4 and B = V x A.
— A(t) = Ee7'*"/(iw)

ii | <t Perturbation Hamiltonian:

AHi(t)y=—J(@)- A(t) (1.63)

with (total) current operator J ()

* At this point we do not want to fix the unperturbed Hamiltonian H, that describes
the charge carriers without the field. Hence we do not know the form of J (¢) in the
interaction picture. We therefore play it safe and carry a potential time-dependence
along.

 This is a linearized version of the true coupling Hamiltonian that describes the effect of
the electromagnetic field on electrical charges. For instance, a free particle with charge
¢ (and with ¢ = const = 0) is described by the Hamiltonian

~J
! P Tap
H=—(p-qA)’ = — — 1= .4 +04%. (1.64)
2m 2m m
———————
~Ho  ~AH(t)
There is also a quadratic term 42 which does not contribute to the Hall conductance
(so we can safely drop it).
e Intherms of the ¥ current density j (r,t) the Hamiltonian reads
AH[ (1) = —/dzrj(r,z)-A(r,t) (1.65)
with the usual current density j = 52 3", [p;§(r —r;) 4+ 8(r — r;) p;] for many par-
ticles indexed by /. With a homogeneous electric field, this becomes
AHp(t) =—J(t)- A(t) withtotal current J(¢z) = / d% j(r.t). (1.66)
For a homogeneous current, the total currentis J = LyL, j = Aj where A = L L,
denotes the area of the sample.
i =~ <¢ Current as observable: O = J; —
(Remember that we set the static expectation value to zero: (0|J;|0) = 0.)
2 1! , it 3
o) = [ O S0 00 e (L7
hw J_o
Time-translation invariance of Hy; Substitution t” = ¢ — ¢’
1 [ oy .
2 {__ / (O] [J;(0), Ji(z")]10) """ di"} Eje™"" (1.67b)
hw 0 ’ ’
=:0;;(w) A
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with & conductivity tensor o;; (w)

The sample area A = L, L, shows up because the conductivity tensor relates, by definition,

the current density j; to the electric field, and not the total current J; = Aj;.

To show the second equality, use that J; (') = e i Hot! Jie~ i Hot' [and similar for J; (¢)] and
that |0) is an eigenstate of Hy.

— Hall conductivity:

oo

Oxy(@) = — (01 [ (0), Jx ()] |0) e"*dt (1.68)

hwA
This is the AC Hall conductivity as it is still frequency dependent.
Settp = Oand use Up(t) = Y, e Ent/h|n)(n| and J; (1) = UL (1)J; Uo(1):

—

(0] Jy ) (n] J|0)e! En—E0)t/h) .
ny(a)) == th/ Z{ 0|Jx|n n|Jy|0> l(Eo En)t/h e dt (1.693)

Integrate (using a regularization @ + i e to make the integral convergent)

_ 5 (O n11510) (01l a1 510 e
wA hw + E, — Eg hw + Eog — Ey
n#0
Take DC limit @ — 0 and use hw+E1,,—E0 = E”lEo — (En Eo)2 + O(w?):
(Note the 7 /w that must be canceled to render the expression finite!)
'h 0]J Jx|0) — (0] J Jy10
ey 2 3 (DI 1510) = Q1S5 1 10) .

— 2
n#£0 (En EO)

This is the Hall conductivity expressed in terms of current matrix elements. Our - next
project will be a (quite tedious) reformulation of this expansion with the goal to re-express it
in terms of a topological invariant, namely the « Chern number.

Comment on the constant term:

For the derivation of Eq. (1.70) it is crucial that

(O[Jy|n)(n|Jx|0) 4 (0| Jx|n){n|Jy|0)
Z y o y

=0 (1.71)
n#0

which makes the constant terms of the Taylor expansion cancel (this avoids the divergence
forw — 0!).

One way to see this is from rotation invariance of the system in the x-y-plane (a quantum
Hall system should be rotation invariant about the axis of the magnetic field). In particular,
0xy should be invariant under the 7 /2-rotation Jx — J, and J,, > —J (note that J isa
vector operator). This means that

3 {01y[n)(n|Jx|0) + (Ol Jx[n){n]Jy|0) 1 - (0 Jx|n){n|Jy|0) + (0| Jy|n)(n|Jx|0)

= E, — Ey o E, — Ey

(1.72)
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which implies Eq. (1.71) so that only the antisymmetric part of o, survives.
Note that this is a quite general argument: If we decompose the 2D conductivity tensor into
symmetric and antisymmetric parts, o = o5 + 04, and demand rotational invariance of the
tensor, i.e., 0 = RoRT fora 2D rotation matrix R, we have oy = RoyR” ando, = Ro,RT
separately. The only symmetric matrix invariant under rotations is proportional to the identity,
05 = Oxyx - 1, so that there cannot be a symmetric contribution to the off-diagonals (that is,
the Hall conductivity oy, ). Thus the most general form of a rotation invariant conductivity
tensor is
o o
o=|"* i (1.73)
—Oxy Oxx
1.4.2. The TKNN invariant
Here we want to connect the Hall conductivity [given by the Kubo formula Eq. (1.70)] to the Chern number
and thereby explain the quantization of the former. To do so, we consider non-interacting electrons in a
two-dimensional periodic potential, so that the momentum space is a torus.
The rationale of the following discussion is similar to the original approach by Thouless ez al. [17].
1 < Single electron in a periodic potential with Hamiltonian Ho:
o0
«Q
_we
i
Vs
System size: L, x Ly & periodic boundaries
We take the thermodynamic limit L, L, — oo later.
2 | ¥ Bloch theorem:
« Eigenfunctions: W, x = Xy 1 (x)
with u,,; (x + R) = u,x(x) for lattice vectors R and band indexn = 1,2, ...
« Eigenenergies ¢, (k) continuous in k — “Bands”
o U,k kx = Yy for reciprocal lattice vectors K
If R = anyex + anye, describes a square lattice with lattice constant a, the reciprocal
lattice is K = m1ky + mak, with k; = 2Ze;.
— Brillouin zone = Torus 72
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Since our system is finite, momenta are discrete. The size of the Brillouin zone is determined
by the inverse lattice constant and remains fixed in the following.

3 < Many-body Fock states with Fermi energy Er:

i! While we can understand the integer quantum Hall effect within the framework of non-interacting
fermions, the quantization of the Hall conductivity is a genuine quantum many-body phenomenon.
It is crucial that you understand the difference (and relation) between these concepts.

Ground state = |0) +— |0) = Filled Fermi sea (1.742)
Excited states = |n) +— |n) = Fermi sea with particle-hole excitations  (1.74b)
Current operator = J; +— J; = Second-quantized current operator (1.74¢)

In the following, bold states live in the fermionic Fock space (= many-body states), whereas states
in normal font live in the single-particle Hilbert space.

4| Eq. (1.70) — Hall conductivity of fermionic many-body system:

o

Oxy (1.75)

ih ) (0[5y [n) (n]3x0) — (03 |n)(r|Sy[0)
A n#0 (En - E0)2

Note that the sum goes over all possible excited many-body states (which are all states except the
Fermi sea ground state). However, below we will see that only states with a single particle-hole
excitation contribute.

5 Current operator = Single-particle operator:

Si= > (WnklJi|Wmg) ¢} xCmq (176)
nk,mq

c;[ «: Creation operator for fermion in Bloch state | W, )

Remember that this recipe produces an operator on Fock space that acts like the single-particle
operator J; within the one-fermion subspace.
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6 | Eq. (1.75) — [Here nk’ is short for (nk) = n'k’.]

3 (B I (n13:10) _

(En— Eo)? DD Yk [ Wng ) (W | T [ Wing) (1.77)

n#0 nk’,mq’ nk,mq
5 (Olc! , cmgln)(nle!, cmq 10)
(En - E0)2

n#0

8

nk:n1q/8n1q:nk/88m(q)> Er 5811 (k)<EFR
Lem (q)—en ()12

(q’nkUy |‘I’mq) (\I’mq|-]x|‘1’nk)
2 lem(q) — en(K)]?

[lo

(1.78)

nk,mq
en(k)<EFr<em(q)

To evaluate the sum  ,, . over all excited many-body states, convince yourself that you can w.l.0.g.
replace the denominator by [e,,(q) — &, (k)]* (which is independent of n!). Then Y no 1) (n|
can be written as 1 — |0) (0| and the rest follows.

7 Assume e, (k) S Ef forallk € T?
i! This means that the Fermi energy falls into a band gap. This is absolutely crucial for what follows.

(Note that statements like “g, < Ep” are now well-defined since ¢, (k) < EF is true for all
momenta and only depends on the band index 7.)

—

(‘I’nk|-]y|‘pmq)(q"mq|-]x|q’nk)
ih —(YnklJx [ Ymg) (Vimg |y | Ynk)
O' —_—

eT?
en<Ep<em k.q

[le

(1.79)

8 | Asafirst simplification, we want to get rid of one of the two momentum summations. To do so, we
must show that the current operator cannot change the momentum of a state:

i | Define the single-particle current operator
J = e% [Ho, x] (1.80)

This definition is motivated as follows: Physically, a sensible single particle current operator
must satisfy (J) = eL’t‘) = Charge x Velocity. The Vv Ehrenfest theorem tells us that
% = %([Ho, x]) which immediately suggests the definition (1.80). You can easily check

that for a free particle, Hy = %, itis J = e£ (asit should be).

ii | <t Translation operator Tg with lattice vector R:

TrxTg' =x + R (1.812)
TrRHoTg' = Ho (1.81b)
TR|Wnk) = ¥R | W) (1.81¢)

 The first equation follows from the definition of the translation operator.

o The commutativity with the Hamiltonian follows from our assumption that the system
features a discrete translation invariance (“periodic potential”).
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» The energy eigenstates of such a Hamiltonian are Bloch states | W, ) which are also

eigenstates of these lattice translations (this is just the statement of « Block’s theorem).

ii | Consequently
—1 .€ . €
TrJ Ty =l£[H0,x—|—R] =1E[H0,x] =J (1.82)

— J cannot change lattice momenta
Formally: (Wnk|Ji|Wmg) = (Wnk|Ji |Wmk)Sk.q
iv . Thus Eq. (1.79) —

( nliy|\pmk><\Pmk|Jx|lI’nk)

L ih (Wnie | Jx Yok ) (Y | Ty [ Wk )
mET 2 kEZTZ e () — e k)2 .
en<Efp<em
9 | < Thermodynamic limit (in real space): L; — 0o
& Continuum limit (in momentum space): Ak; L -0
— The sum over momenta turns into an integral over the Brillouin zone 72:
( Yot [ Sy | Wit ) (Wi | S [Wnic)
%k (—(Ynke| x| Yt ) (Wi | Ty | W)
oy ik D /T 2n)? (e (K) — en (K2 (89

en<Erp<em

 The continuum limit is convenient because we can now use tools from calculus to simplify
this expression further.

o Here we used the usual approximation of a Riemann sum:

- dk;
—Z znzzn bimeo o (1.85)

Remember that A = L, L,,.
10 | Our next goal is to get rid of the current operators:

i Use |Wok) = €% luyg) (¢ Bloch theorem) and define J (k) := e k¥ Jo'k* g0 that

(Unk|Ji|Wmk) = (unk|jl(k)|umk> (1.86)
i! Note that in e’¥* | x is the position operator.

ii | Define I:Io(k) = e kX [0tk X o that

Ho|Wnk) = en(k)|Wnk) < I:IO(k)lunk) = en(k)|unk) (1.87)
ii | With these preliminaries, we can write:
-, ex -~ .
Ji = 581-H0 with 0; ;= — (1.88)

To show this use the definition of Ho (k) and show that 3; Hy = i[Ho, x].
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iv Egs. (1.84), (1.86) and (1.88) —

% (k| y Holtmp) (Ui |0x Holunk)
32 Z / dzk unk|a 110|1"mk)(7/‘mk|a H0|unk)
,m T2

oxy =15 (2n)? em (k) — en ()12 (189
&n <Ep <€m
11 Use
(wnk |y Holump) = (unk|dy (Holwmk)) — (nk|Ho|dyume) (1.902)
= [em (k) — en (k)] ke | Dy tmic) (1.90b)
= [en (k) — em (k)] {0y ek |timp) (1.90¢)

The first line is just the product rule, in the second line we used that Hy = I:Ig and that
(Unk |[Uumr) = 0 for n # m (which is the case in our expression for the Hall conductivity). The last
line follows if in the first line the derivative acts on the bra to the left instead on the ket to the right.

—

o e yunklumk><umk|axunk)
Oy Zi Z /T2 (2n)2§ (1.91)

xunk Uk ) (Ui |a Unk)
sn<EF<sm

Yay! The denominator is gone ...®

12 Use
Z [k ) (Umk| = 1 (1.92a)
m
= > k) mkl =1 = Y (i) (k| (1.92b)
men>EFr m:em<EFp

These statements are true on the subspace spanned by the Bloch functions |u, ) for fixed k.

More rigorously, one should replace 1 by the projector P onto states with lattice momentum k
and do the derivatives in the expression for oy, properly; the result will be the same, though.

—

o e ~ q B
w2 Y fT B BstnilBsaene) = et o] | 199

ne,<EF

Only the term with 1 survives. The second term vanishes as it replaces the sum over empty bands
by a sum over filled bands. But then the sum in the expression for the Hall conductance vanishes
identically if one shifts the derivatives to the states with mk in the first term [using Eq. (1.90)] and
substitutes n <> m in the sums (the last step only works because m and n now run over the same
range of filled bands).
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